Frequently Asked Questions on Flood Statistics

1. What is 100-yr flood?
Answer: 100-yr flood has a probability of 1/100 = .01, or 1%, of being equaled
or exceeded in any single year.

2. What is Return Period?
Answer: An annual maximum event has a return period (or recurrence interval) of
T years if its magnitude is equaled or exceeded once, on the average, every T
years. The reciprocal of T is the exceedance probability of that event, that is, the
probability that the event is equaled or exceeded in any one year.

3. What is the probability that at least one 100-yr flood will occur during the 50-yr
lifetime of a flood control project? Ans: 0.395. So there is a 39.5 % chance of
occurrence of the 100-yr or larger event over the 50-yr lifetime of the project.
This is just risk of failure. Please see 6 also.

Risk = 1- (1-1/T)" =1-(1-1/100)° =1-.6050 =0.395

4. What is the probability that 100-yr flood or greater will not occur in 50-yr?
Answer: Probability of no occurrence
= (1-p)" = (1-1/T)" = (1 - 1/100) *°= .6050
Thus, there is a 60.5% chance (60.5% reliability) that the 100-yr or larger flood
will not occur during a sequence of 50 —yr.

5. (a) On average, how many times will a 10-yr flood occur in 50-yr period? Ans: 5
(b) What is the probability that exactly 5 and only 5 10-yr or greater independent
floods will occur in a 50-yr period? Ans: 0.185 or 18.5%

(c) What is the probability that exactly 4 and only 4 10-yr or greater independent
floods will occur in a 50-yr period? Ans: 0.181 or 18.1%
(d) What is the probability that exactly 6 and only 6 10-yr or greater independent
floods will occur in a 50-yr period? Ans: 0.154 or 15.4%

6. What is Risk?
Answer: Over a sequence of n yr, the probability that the T-yr event or larger will
occur at least once is called the risk. Thus risk is the sum of the probabilities of 1
T-yr or larger flood, 2 T-yr or larger floods, 3 T-yr or larger floods, ...., n floods
occurring during n-year period, but it is easier to calculate 1- prob(0 T-yr floods):
Risk or probability of at least one occurrence
=1-P(0) =1-Prob(nooccurrenceinnyr) =1- (1-p)"
=1- (1-1/T)" where T = return period

Table 1.0 shows the return periods for various degrees of risk and expected design
life. For example, for 98.4-yr event (return period) and 50-yr expected design life,
the risk or the probability of occurrence of a98.4-yr event or larger in 50-yr design
life is 40% and the reliability or the probability of no occurrence of 98.4 yr event in
50-yr design life is 60%.
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Question 5 Equations

Answer:

(@) A 10-yr flood has p=1/10=0.1

Expected probability = n*p =50*.1 =5

Thus, on average a 10-yr flood will occur 5 times in a 50-yr period.

(b) Binomial distribution: fx = (x: n, p) = (nj p* g™ whereq=1-p
X

(55()] (0 1)5 (0.9)50-5

(501/(51451))(0.1)° (0.9)>*°

=0.1849
Thus, there is 18% chance that 5 and only 5 number 10-yr events in 50-yr periods
will occur.

(c) Probability of 4 and only 4 number 10-yr flood in a 50-yr period

i [Sf j 0.1 (0.9%
= (501/(41461))(0.1)° (0.9)"®

=.1809
Thus, there is 18% chance that 4 and only 4 number10-yr events in 50-yr periods
will occur.

(d) Probability of 6 and only 6 number 10-yr flood in a 50-yr period

- (560J (0.2)° (0.9)%°
= (501/(61441))(0.1)° (0.9)*

=.1541
Thus, there is 15% chance that 6 and only 6 number 10-yr events in 50-yr periods
will occur.

7. What is Reliability?
Answer: Reliability may be defined as 1- risk. Thus,
Reliability = (1-p)"
=(1-1T)"

References:
1. Frequency Analysis
2. Statistical Method in Hydrology — Charles T. Haan
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Return Periods for Various Degrees of Risk and Expected Design Life

Table 1.0

Expected Design Life

1004¢— Life of Project

.

RISK RELIABILITY 2 5 10 15 20 25 50

[ 75 25 2 4.1 7.7 11.3 14.9 18.5 36.6 72.6 "\
63 37 2.6 5.5 10.6 15.6 20.6 25.6 50.8 101.1
50 50 3.4 7.7 14.9 22.1 29.4 36.6 72.6 144.8
40 60 4.4 10.3 20.1 29.9 39.7 49.4 98.4 196.3
30 70 6.1 145 28.5 42.6 56.6 70.6 140.7 280.9
25 75 75 17.9 35.3 52.6 70 87.4 174.3 348.1
20 80 9.5 22.9 45.3 67.7 90.1 1125 224.6 448.6
15 85 12.8 31.3 62 92.8 123.6 154.3 308.2 615.8
10 90 19.5 48 95.4 142.9 190.3 237.8 475.1 949.6
5 95 39.5 98 195.5 292.9 390.4 487.9 975.3 1950.1
2 98 99.5 248 495.5 743 990.5 1238 2475.4 49503
1 99 199.5 498 995.5 1493 1990.5 2488 4975.5 9950.4

\ 05 99.5 399.5 998 1995.5 2993 3990.5 4988 99755 199505 _/

Risk that design storm or larger will
occur during project life

FAQ Table.xlIs

Return Period of

Design Storm

1/17/2007
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BERNOULLI PROCESSES

Bihomial Distribution
=fomal Uistribution

pendent of the history of any prior occurrences or nonoccurrences, The probabilit
an occurrence at ‘the jth point on the time scale ispfori=1, 2, ... A process ha
these properties is said to be a Bernoulli process. N

As an example of 2 Bernoulli process consider that during any year the
of the maximum flow exceeding 10,000 cfs on a particular stream ig p. Commion te
nology for a flow exceeding a given value ig an exceedance. Further consider that t}

brocess to be a Bernoulli process). Let q = -p be the probability of not exceedirig

10,000 cfs. We can neglect the probability of a peak of exactly 10,000 cfs since the

peak flow rates would be a continuous. process so the probability of 3 peak of exact]

10,000 cfs would be zero. In this example the time scale is discrete with the points being
nominally 1 year in time apart. We can now make certain probabilistic statements about

the occurrence of a peak flow in excess of 10,000 cfs (an exceedance),

For example the probability of an exceedance occurting in year 3 and not in years

I or 2 can be evaluated from equation 2.9 as aqp since the process is independent from

year to year. The probability of (exactly) one exceedance in any 3-year period is pqd",*%

apq +qqp since the exceedance could occur in either the first, second or third year..'

Thus the probability of (exactly) one exceedance in three years is 3pq2. .

In a similar manner the probability of 2 exceedances in 5 years can be found from
the summation of the terms PP9qq, pqpaq, pqqpq, -+> 449Ppp. It can be seen-that each
of these terms is equivalent to p2q3and that the number of terms is equal to the number
of ways of arranging 2 jtems (the P’s) among S items (the p’s and Q’s). Therefore the
total number of terms is (3) or 10 so that the probability of exactly 2 exceedances in 5
years is 10 p2q3.

This result can be generalized so that the probability of X=x exceedances in n years
is (2) pxqnox, The result is applicable to any Bernoull process so that the probability of
X=x Occurrences of an event in n independent trials if p is the probability of an occur-
fence in a single tria] is given by . . i

fy (x:n, p)=(") p*qn-x x=0,1,2,...n 4.5)
Equation 4.5 is known as the binomial distribution.
The binomia] distribution and the Bemoulli process are not limited to a time scale.
{\"y Process that may occur with probability p at discrete points in time or space or in
Individual trjg) may be a Bernoulli process and follow the binomial distributjon,
he Cumulative binomia] distribution is

Sowyee ' -

Puchess'~ Ppa S
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E, (x;n,p)=Ei, (D Pq"" x=0,1,2,...,n
x ’ 2
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Continuin,

'yearsis
Fy(2;5,p) =1k, D pla®!
=1, (0;5,p)+f, (15, p) + £, (2; 5, p)

The mean and variance of the binomial distribution are

“4.7)
X)=np

o 4.8)
Var(X)=npq

The coefficient of skew is (g-p)/v/'npq so that the distribution is symmetrical forp =q,
g co vV
skewed to the right for q>p and skewed to the left for q<p.
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3 T 1n
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40-year period?

= - \ { i 3
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Fitting a Distribution to Data _ o ,
An intuitive use for moment estimates is to fit probability distributions to
" data by equating the moment estimates obtained from the data to the
functional form for the distribution. For example, the normal distribu-
tion has parameters mean 4 and variance o2, The method of moments fit
for the normal distribution is simply to use the estimates from the data for
~ the mean and variance.  As another example, the parameter A of the
exponential distribution is equal to the reciprocal_of theé mean of the
. distribution. Hence, the method of moments fit is 1 = 1 Ja. . .

- - Graphical methods and the method of maximum likelihood are tw
alternative procedures to the method of moments for fitting distributions
to data. Graphical methods Will be discussed in Section 3.6. Although the

-method of maximum likelihood is superior to thé method of moments by

~ some statistical measures, it is generally muéh more computationally

complex than the method of moments and is beyond the scope of this text.

Maximum likelihood methods for several distributions used in hydrology
are presented by Kite (1977). ' : '

- .'The main objective of determining the parameters of a distribution is
usually to evaluate its CDF. In some cases, however, the same purpose
may beaccomplished without calculating the actual distribution parame-
ters. Instead, the distribution is evaluated using frequency factors X, de- i
fined as : !

. X=X . ;
K 5 _ | (3.43) f

The value of K is a function of the desired value for the CDF and may also

be a function of the skewness. Hence, if K is known for the calculated

skewness and desired CDF value, the corresponding value of x can be

calculated. Frequency factors will be illustrated subsequently for several
-, of the distributions to-be discussed. . o

34

RETURN PERfOD OR RECURRENCE INTERVAL -

. The most common means used in hydrology to indicate the probability of
an event is to assign a return period or recurrence interval to the event. The
return period is defined as follows: oo '

“An annual maximum event has a return period:(or recurrence interval) of T ‘
yearsifits magnitude is equaled or exceeded once, onthe average, every Tyears.
The reciprocal of T is the exceedance probability of the event, that is, the
probability that the event is equaled or exceeded in any one year.
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3.4 RETURN PERIOD OR RECURRENCE INTERVAL ‘ _ 187

‘ Thus, the 50 yr flood hasa probablhty 0f0.02, or 2%, of being equaled or
exceeded in any single year. It is imperative to realize that the return
‘period implies nothing about the actual time sequence of an event. The
© 50-yr flood does not occur.like clockwork once every 50 yr. Rather; one-
expects that on the average, about twenty 50-yr floods will be experienced
during a 1000-yr period. There could in fact be two 50-yr floods in a row
(with probability 0.02 X 0.02 = 0.0004 for independent events)..

The concept of a refurn penod implies independent events and is
usually found by analyzing the series of maximum annual floods (or
rainfalls, etc.). The largest eventin one year is assumed to be independent
ofthe largest event in any other year. But itis also possible to applysuch an
analysis to the n largest independent events from an #-yr ‘period, regard-
less of the'year in which they occur. In this case, ifthe second largest event
in one year was greater than the largest event in another year, it could be-
included in the frequency analysis. This series of # largest (independent)
values is called the series of annual exceedances, as opposed to an annual
maximum series. Both series are used in hydrology, with little difference
at high return penods (rare events). There are likely to be more problems
of ensuring independence when usmg annual exceedances, but for low
return periods annual exceedances give a more realistic lower return
period for the same magnitude than do annual maxima. The relationship
between reéturn; period based on annual exceedances- T, and annual max-
ima T, is (Chow, 1964)

o o | | |
=T —WmT.—1 (3:44)

This relationship is shown in Fig. 3.10

EXAMPLE 3. 4

ANNUAL EXCEEDA(NCES AND ANNUAI. MAXIMA
Consider the following hypothetical sequence of river flows

THREE HIGHEST -
INDEPENDENT FLOWS
YEAR (cfs)

700, 300, 150
900, 600, 100
550, 400, 200
850, 650, 350
500, 350, 100

A BN e

The sequences of ranked annual maxima and annual exceedances are as
follows,
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. \ . ,

(- p)""*._.But this represents just one possible sequence for x successes

and n = x failures; all Dpossible sequences must be considered, including

“ those in which the successes do not occur consecutively. The number of
possible ways (combinations) of choosing x events out of n possible events
is given by the binomial coefficient (Parzen, 1960) - '

(n)% L e
x) " X = - (345)
' Thus, the desired probability is the product of the probability of any one

" séquence-and the number of ways in which such a sequence can occur:

~

- Pky= (z)_p*(l =" x=0,1,23,.. . ,n (3.46)

The notation B(n, D) indicates the binomial distribution with parameters

- n and p; example PMFs are shown in Fig, 3.11. From-Egs. (3.19) and

(3.28), the mean and variance of x are

E(X)=np, o ' (3.47) -

Var(x) = np( 1—p). v ' (3.48)

~ The skewness is -

—_ 1-2
& i = s

Clearly, the skewness is zero and the distribution is symmetric if p = 0.5.
The cumulative-distﬁbution function is

Fo=3% (7) Pa—pp-i (3.50)

i=0

(3.49)

Evaluation of the CDF can get very cumbersome for large values of n and

. intermediate values of x. It is tabulated by the Chemical Rubber Com-
. pany (n.d.) and by the National Bureau of Standards (1950). For large

values of n, the relationship between the binomial and beta distribution

may be used (Abramowitz and Stegun, 1964; Benjamin and Cornell, -

1970), or it may be approximated by the normal when p=0.5.

. EXAMPLE 3.5

FREQUENCY ANALYSIS

RISK AND RELIABILITY

- Oyet a sequence of 7 yr, what-is the probability that the T-yr event will

occur at least once? The probability of occurrence in any one year (event)
is p=1/T, and the number of occurrences is B(n, p). The Prob (at least
one occurrence in n events) is called the risk. Thus, the risk is the sum of
the probabilities of 1 flood, 2 floods, 3 floods, . . . , n floods occurring

{

i



3.5 'COMMON PROBABILISTIC- MODELS
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Binomial probability mass funchon (PMF). (From‘Benjamin and Cornell,
1970, Fig. 3.3.1.) E

“~

during the n-yr period, but this would be a very tlresome way in which to
compute it. Instead,

Risk=1— P(0). ,
= 1 — Prob (no occurrence in n yr)
=I=(1-=p) -
=1-({1-=1T)y ' _ : (3.51)
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Reliability is defined as | — risk, Thus,
Reliability = (1 — p)» |

==y - 3.5

This concept of risk and reliability is véry important for hydrologic
design. Equation (3.51) can be used to determine the return period re-
quired for a given design life and level of risk. Values are shown in Table

. 3.3 that illustrate the very high return periods required for low risk fora
long design life. v ’ :

FREQUENCY ANALYSIS

. "EXAMPLE 3.6

- coL . 3 .

. CRITICAL FLOOD DESIGN
Consider the 50-yr flood (p=0.02). , _
a) Whatis the probability that at least one 50-yr flood will occur during
the 30-yr lifetime of a flood control project? This is just the risk of

failure discussed above, and the distribution of the number of failures
is B(30, 0.02). Thus, from Eq. (3.51), -

Risk = 1 —(1,— 0.02)%

=1—0.98%
=1-10.545
=0.455.

If this risk is tob great, the engineer migbt design for tbe 100-yr event
for which the risk is v ’

Risk =1 —0.99% =0 2¢

and the reliability is 0.74. For this latter circumstance, there is a 26% |

chance of occurrence of the 100-yr event over the 30-yr lifetime of the
project. o

b) What is the probability that the 100-yr flood will not bccur in 10 yr?
In 100 yr? :
- Forn=10, P(x=0)= (1~ p)®=09910 = 0.92,
Forn=100, P(x =0)= (1 — p)'% =0.99100 — 37 _
 Thus, there s a 37% chance (37% reliability) that the 100-yr flood will
not occur during a sequence of 100 yr. '

¢) Ingeneral, whatis the probability of having no floods greater than the ;
T-yr flood during a sequence of ¢ yr? » :

Px=0)=(1— )"



Return Périods for Various Degrée

TABLE 3.3
s of Risk and Expected Design Life (Eq. 3.51)

‘EXPECTED DESIGN LIFE, n (yr)

9975.5

RELIABILITY v .

(%) : (%) 2 5 10 15 20 25 50 100
75 25 20 -. 4.1 7.7 1.3 14.9 18.5 36.6 - 726
63 37 2.6 55 10.6 15.6. -20.6 25.6 50.8 101.1
50 50 34 1.7 14.9 22.1 29.4 - 366 72.6 144.8
40 60 44 10.3 20.1 29.9 39.7 49.4 984 196.3
30 70 6.1 14.5 28.5 426 56.6 70.6 140.7 280.9
25 75 75 7179 35.3 -52.6 70.0 87.4 174.3 348.1
20 80 ' 9.5 - 229 453 67.7 90.1 112.5 224.6 448.6
15 85 128 313 62.0 92,8 123.6 154.3 308.2 615.8
10 90 19.5 480 95.4 142.9° 190.3 237.8 475.1 949.6

5 95 ;395 98.0 195.5 292.9 390.4 487.9 - 9753 1950.1
2 .98 ’. 99, 248.0 495.5 743.0 990.5 1238.0 24754 4950.3
1 99 199.5 498.0 995.5 1493.0 - 1990.5 2488.0 4975.5 9950.4
05 99.5 399.5 998.0 1995.5 2993.0 3990.5 4988.0 19950.5






